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SUBVARIETIES OF GENERAL HYPERSURFACES
IN PROJECTIVE SPACE

GENG XU

0. Introduction

We are interested in the following question: If C is an irreducible curve
(possibly singular) on a generic surface of degree ¢ in a projective 3-space
, can the geometric genus of C (the genus of the desingularization of
C) be bound from below in terms of 4 ? Bogomolov and Mumford [14]
have proved that there is a rational curve and a family of elliptic curves on
every K-3 surface. Since a smooth quartic surface in P’ is a K-3 surface,
there are rational and elliptic curves on a generic quartic surface in )
On the other hand, Harris conjectured that on a generic surface of degree
d>5in P’ there are neither rational nor elliptic curves.

Now let C be a curve on a surface S of degree d in P’ By the
Noether-Lefschetz Theorem, if d >4 and S is generic, then C must be
a complete intersection of S with another surface S, of degree & . In this
case we say that C is a type (d, k) curve on S. Clemens [4] has proved
that there is no type (d, k) curve with geometric genus g < %d k(d - 5)
on a generic surface of degree d > 5 in P3; in particular, there is no
- curve with geometric genus g < %d (d —5) on a generic surface of degree
d>5in P,

Our first main result is the following.

Theorem 1. On a generic surface of degree d > 5 in P?, there is no
curve with geometric genus g < d(d —3) — 3, and this bound is sharp.
Moreover this sharp bound can be achieved only by a tritangent hyperplane
section if d > 6.

We immediately conclude that the above conjecture of Harris is true.
Meanwhile it is not hard to see that for a generic surface S of degree d
in P , there is a tritangent hyperplane H and thus C = H NS has three
double points. Since z(C) = $(C- C+Ks-C)+1= %d(d—3) +1,and an
ordinary double point drops the genus of a curve by 1, the above bound
is sharp.
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Let C be a curve on a generic surface .S of degree d in P’. The main
point of the proof of Theorem 1 is to see how bad the singularities of such
a curve C can be. We first study the deformation of C at the singular
points of C, and obtain that if there is a type (d, k) curve C with
certain geometric genus g on a generic surface .S of degree 4, then there
are some homogeneous polynomials vanishing at the singular points of C
to a certain expected order. By a Koszul type of argument, we can reduce
the degree of these homogeneous polynomials. From these we get control
over the singularities of C and obtain Theorem 2.1 which is just a slight
improvement of Clemens’ results (cf. [3], [4]). Then to prove Theorem
1 in the case 4 > 6, it remains only to see what kind of singularities a
hyperplane section of S can afford.

We can generalize the above result in P’ to higher dimensions.

Theorem 2. Let V be a generic hypersurface of degree d > n+ 3 in
pt! (n23), M CV areduced and irreducible divisor, and p,(M) the
geometric genus of the desingularization of M . Then

o0 ponzeind (0= (20) <1 (5) -Gt

Moreover if

00 (-G 268 -6)

then the bound
d d-1
0.3) P,(M) 2 (n + 1) B (n + 1)

is sharp, and this sharp bound can be achieved only by a hyperplane section
Jor the case where the inequality holds in (0.2).

Remark. The inequality (0.2) is true when d > C(n). For example,
C(3)=14, C(4)=19.

If M c V asin Theorem 2, then it is well known that A is a complete
intersection of ¥ with another hypersurface of degree k. Ein (cf. [5],
[6]) has proved that

ron= (501~ (4527°)

in this case, and his results have generalized to varieties of higher codi-
mensions. Therefore the improvement we make here is in the case kK = 1.

When n = 3 Theorem 2 implies that pg(M }y>2 if d > 6. In case
d = 5, there is a very interesting conjecture.
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Clemens’ Conjecture. On a generic quintic 3-fold in a projective 4-
space p* , there are only finite number of rational curves in each degree.

This assertion has been proved by Katz for degree up to 7 (cf. [7], [13],
[15]). Mark Green has asked the following:

Question. Does every surface on a generic quintic 3-fold in P* have
positive geometric genus?

If V' is a generic quintic 3-fold, since any one-parameter family of
rational curves on V' sweéps out a surface of geometric genus 0, an affir-
mative answer to Green’s question will imply Clemens’ conjecture.

This paper is organized as follows. We introduce a certain type of
singularity in §1. In §2 we state and prove Theorem 2.1, which will be used
in the next section. In §3 we prove Theorem 1. Section 4 is devoted to the
proof of Theorem 2. In the last section we outline a proof of Proposition
4 which states that a hyperplane section of a generic hypersurface can only
have very mild singularities.

Throughout this paper we work over the complex number field C.

I am grateful to my thesis advisor Mark Green for his advice and en-
couragement, and to David Gieseker, Janos Kollar, Shigefumi Mori and
Jonathan Wabhl for valuable discussions about singularities. I am also in-
debted to Herbert Clemens, Lawrence Ein, and Robert Lazarsfeld for their
generous help and illuminating conversations, and to Lawrence Green for
his careful reading of the whole paper.

1. Weak type & singularities

In this section, we introduce a type of singularity, establish some of its
elementary properties,and show its relationship with the canonical divisor.
Let V be an n-dimensional smooth variety, and M C V' be an irre-

ducible codimension-1 singular subvariety. According to Hironaka [11],
there is a desingularization of M: V, Tyl v, i |4 4 Vo,=V,s0
that the proper transform M of M in Vit is smooth. Here V; 5 V;._l
is the blow-up of V;._l along a Vj_l-dimensional submanifold X ;_, with
E,_yCV, the exceptional divisor. If X i1 isa uj_l-fold singular sub-
manifold of the proper transform of M in V;._l , we say that M has a
type u = (,uj, XJ., Ejlj €{0,1,---,m}) singularity. _

If MCV hasatype u= (uj, X;, EJ.Ij eI singularity, and Q C V
is an open set, then we localize our definition by saying that M has a type
Uy = (uj, Xj, Ej|j elg =1{jl3q € E;, q is an infinitely near point of
some p € Q}) singularity on Q.
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Given any resolution of the singularity of M C V as above, if Z C V

is a codimension-1 subvariety, such that
(- (W) (Z) = 84Bg) = 0,E)) —---) = 6, E,_,

is an effective divisor for j =1, 2, .-- , m+ 1, then we say that Z has
a weak type 6 = (6]., X;, Ej|j €{0,1,---, m}) singularity. It is easy to
see that a type u singularity implies a weak type u singularity.

In terms of local coordinates, we assume that M has a type p, =
(1, X, ,Eljelg={0,1,---, m}) singularityon Q,and {z,---, z,}

are coordinates on Q with X, definedby z  , =---=2z =0. Let
z z
r_ _ r “s+l ' _ “n-1 "
z, =2z, yZg=Zg,  Zo = Z s Zp = P z, =2z,
n n

be coordinates on the blow-up of Q along X, and h(z,,---,z,) bea
holomorphic function defined on Q. Setting

/ / / / /

/ ’
h(Zl’“"Zﬂ)zh(zl’.”’Zs’Zs+lzn’“"Z z Zn)
! ’
= ()W (2, 7).

then we say that the variety {h(z,,---,z,) = 0} on Q has a weak
type J, = ((Sj,Xj,Ej|j el =1{0,1,---, m}) singularity, if p > 4,
K* is holomorphic, and {(z.)” %Az, --- , z,) = O} has a weak type
(6]., Xj , Ejlj € {1, --- , m}) singularity on the blow-up of Q along X, .

The property of having a weak type J singularity is additive in the fol-
lowing sense: if two varieties {#,(z,, -, z,) = 0} and {A,(z;, -, z,)
= 0} have weak type J,, = (6]. » Xjs Ejlj € I'y,) singularities on 2, then
so does the variety {4, + h, = 0} . This holds because

h(zy, -, 2,) = ()i, -, 20,
hy(zy, o z,) = (Z)Hy(zy, o s 20)
with [, [, > 6,, so min(/,, /,) > 4, and
(4 Rz, 5 2,)
_ (Z;)min(ll ,12)((2;)ll—min(l] ’lz)h’:(z; o2
+ (Z;)lz—min(ll ,lz)hg(zll e Z;))

= ()P R, -z + (@) TR L 2).
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Since both {(z)" " %hi(z}, .-, z) = 0} and {(z)> " %hi(z, -, z})
= 0} have weak type (J;, X;, E;|j € {1,--- , m}) singularities on the
blow-up of € along X, by induction

!

{Z)oml(Z), s zh) + ()R], o, 2)) = 0}
also has a weak type ( ,Ej|j € {1, --- , m}) singularity. Then
{h(z, o s z,)+ (2, - ,Z, ) 0} hasaweaktype do=1(9;, X;, E)lj
€elg=1{0,1,---,m}) smgularlty on Q.

If MCV hasatype u= (,uj, X, Ej|j € {0, 1, ..., m}) singularity,
and AAfJ is the proper transform of M in VJ , then by the adjunction
formula,

K% - Kﬂmﬂ
= K m+l + Mm+1
= nm+l(KVm) +(n— - I)E + nm+l(M ) - lum m
(1.1) =7rf,,+1(KVm+Mm)—(u,,,—(n—vm— 1))E,,
=7, (- (T (K, + M) — (g — (n — vy — 1)) Ey)

—(/Ll—(n—Vl—l))El---)
(U~ (1= vy = DE,,.

Since n—uj—lz 1, we get

Proposition 1.1. A section of K, ® M with a weak type u—1= (u =

X;,E|je {0, 1, ---, m}) singularity induces a section of K.

Definition. Let 7 c C" be an open neighborhood of the origin 0 €
T. Assuming that 0: M — T is a family of reduced equidimensional
algebraic varieties, M, = a_l(t) , then we say that the family M, is u-
equisingular at ¢ = 0 in the sense that we can resolve the singularity of
M, simultaneously, that is, there is a proper morphism n: M — M, so
that g on: M — T is a flat map and aon:AAft = (aon)_'(t) - M,
is a resolution of the singularities of M,. Moreover, if M, has a type
u(t) = (u;(t), X;(t), E(1)lj € I(2)) singularity with the above resolution,
then p;(r) = p; and I'(r) =T are independent of ¢, and the exceptional
divisors and the singular loci of the desingularization ]Tft — M, have the
same configuration for all ¢ (cf. [16], [17], [18]).
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2. Curves on generic surfaces in P’

Our starting point is the following (cf. [2], [8], [9])-

Noether-Lefschetz Theorem. - Every curve on a generic surface of degree
d>4 in P isa complete intersection.

Let C Dbe an irreducible curve on a generic surface S = {F = 0} of
degree d > 5 in P’. Then C is a complete intersection of S with
another surface S, = {G = 0} of degree k,ie., C isatype (d, k) curve
on §. Here we always assume that the generic surface S is smooth, and
both {F =0} and {F =0} n {G = 0} are reduced. First of all, we have
the following lower bound estimate on the geometric genus g(C) of C.

Theorem 2.1. If C isa curve on a generic surface S of degree d > 5 .in
P, and C is a complete intersection of S with another surface of degree
k., then g(C) > 3dk(d —5)+2.

Before we go into the proof of Theorem 2.1, let us first set down our
notation.

For P a singular point of C C §, we use ¢(P, C) to denote the multi-
plicity of C at P (cf. [12, Chap. 9]), that is, if z: W — S is the blow-up
of S at P, and E is the exceptional divisor, then 7°C = C* +e(P, C)E.

Here C” is the proper transformof C by z. If {¢,, - ,¢,}=C"NE,
then the points g, are said to be the infinitely near points of P on C of
the first order. Inductively, infinitely near points of ¢, (i=1,2,---,5)

on C* of the jth order are said to be the infinitely near points of P on
C of the (j + 1)th order. We define e(q,, C) =e(q;, C*), and so on.

If Py, (j=0,1,---,ny) are all the singular points on C, Pij (=
0, 1,---, n;) areall the infinitely near points on C of the ith order u, ;=
e(P, i C),and E; is the exceptional divisor resulting from the blowing

P,

up at P, then C hasatype u = (u i

with T'= {(7, j)ll.u,'j > 1}, and

. E |(i,j)eT) singularity

: 1
g(C) = TI(C) - E Eﬂij(ﬂij - 1)
7
1 ’ , 1
3dk(d +k—4)+ 1~ E FHi iy = 1)
i,j
Therefore the key to the proof of Theorem 2.1 is to see how bad the
singularities of  C may be.
Lemma2.2. If F(z, z,) is an analytic function on an open set Q C c?
defining a curve C, Py, € Q is the only singular point of C, and C has
atype pgo = (i;;, P,.j, E,.j|(i, J) € Iy) singularity at Fy, then the curves
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{6F/Bz = 0} and {0F [0z, = 0} in Q have weak type pu, —1 =
(ul.j - u’ Eul(z J) € Ty) singularities at Py, .

Proof First of all, we notethat the conclusion of Lemma 2.2 is in-
dependent of the choice of the local coordinates on Q. Without loss of
generality, we may assume P, = (0,0) € Q, and

¢=2z1, N=12y/z

are the new coordinates after blowing up at P, therefore

00>
F(Z1a Zz) = Zl°°F &, n).
Here F* = 0 is the equation of the proper transform of the curve {F =0}
after blowing up at Py;,. Now
oF oF" aF"
72, = (mor 85 )
Since {F* = 0} has a singularity with fewer steps to resolve at P, j then
by induction, both {0F" /6{ = 0} and {8F"/0n = 0} have weak type
(ﬂij——l i |(1 J) €Tq~(0, 0)) singularities. Thereforeby additivity
{0F [0z, = O} has a weak type pg — 1= (4;; - Eul i,J)eTly)
singularity at P, . On the other hand,
BF Zym—l 6F*
8z, ' oy’
Agam we see that {0F/8z, = 0} has a weak type po — 1 = Bij =
u’ E; |(z J) € Ty) singularity at Py,. q.e.d.

Lemma 22isa spec1a1 case of the following.

Lemma 23. If C, = {F(z, z,) = 0} is an analytic p-equisingular
Samily of curves in an open set Q C c?, C, has only one singular point
Pyo(t) in Q, and C, has a type p(t), = (,ul.j, Pij(t)7 El.j(t)l(i, J)eTy)
singularity, then the curve {dF,/dt|,_, = 0} in Q has a weak type jio—1 =
(1;;(0) = 1, P,(0), E;;(0)(i, j) € T'y) singularity at Py (0).

Proof. Let P(t) = (c,(2), ¢y(2)), and :

Flzy,2)= 3 a,(0(z, —¢,(1)'(z, - (1)) .

l]’

+j2 oo
Then
| [da00h  deinon)
dt |, dt 0z, dt 9z, )|,

+ d% { Y a,(0(z, — ¢,(0))(z, —c2(0))j}

+j2 too =0
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By Lemma 2.2, both {9F,/0z, =0} and {0F,/3z, = 0} have weak type
Ug — 1 singularities at Fy,(0).
If we move the singular point Py,(¢) of F, =0 to Fy(0), we get

F= 3 a,(0(z; - (0))'(z, - ¢,(0)) .
i+j 2>
Now we can blow up simultaneously at Fy,(0) . If we let
E=2,-6(0), 1=(2-(0)/(z,~¢(0)
be the new local coordinates after blowing up, then
F =(z, - ()" F}&, n),
dF; dF}(E, m)

— _ B,
7t = (2, =, (0" —
t=0 t=0

Here Fttl is still a p-equisingular family, but has improved singulari-
ties. By induction, {de(df, n)/dt|,.o = 0} has a weak type (u;;(0)— 1
P, (0), E;;(0)(i, j) €Ty — (0, 0)) singularity. By additivity we conclude
that {dF,/dt|,_, = 0} has a weak type u, — 1 singularity at Fy,(0).

Lemma 24. Let F, € H'(P’,8(d), G, € H'®P,0(k)), and
C, = {F, = 0} n{G, = 0} be a u-equisingular family of curves with a
type u(t) = (u;;, F;(1), Eij(t)l(i, j) € I) singularity. Set dF,/dt|,_,
= F', and dG,/dt|,_, = G'. If all the surfaces F, =0 are smooth, and
OF)(P)/0Z;#0, Z(P)#0 (i=0,1, 2, 3) at every singular point P of
C={F,=01n{G,=0}={F=0}n{G =0}, where {2, Z,,2Z,, Z,}
are homogeneous coordinates, then the curve {(aF /8Z. )G' (0G/OZ)F = '
0} on S = {F =0} hasaweaktype u—1= (u;;~1, P 0), E(0)(i, j) €
I') singularity.

Proof. We fix P = F(0) for some s, and assume that C, has a type
s(t) = (u;;, Py(t), E;(0)[(1, j) € T) singularity at P(¢) = Py (¢). De-
noting {z,, z,, z;} = {Z,/Z,, Z,/Z,, Z;/Z,} , if we solve the equation
F,(1, z,, z,, z;) = 0 near the point P(t), and get z, = ¢,(z,, z,), then
we can view C, as a p-equisingular family of curves locally deﬁned by
the equation G/(1, z,, z,, ¢,(z,, z,)) = 0 in an open set Q C 2. By
Lemma 2.3, the curve locally defined by the equation

L1, 210 20 04021 22Dl = O
on the surface S = {F = 0} has a weak type 4, (0)—1=(u; -1, P,;(0),
Ei].(O)l(i, J) € I',) singularity at P(0) = P, (0).
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From the equation F(1, z,, z,, ¢,(z,, z,)) =0, we get

Fl(la 215 Zy, q’o(zl’ Zz))‘

oF dy
+ 52;(1’ Zl’ 22’ ¢0(Zl, Zz))d_tt(zp Zz)lt=0 = Oa

and thus
We also have
dG, , 0G dy,

W(l’ Zys 2y, ¢((Zla Zz))ltzo =G + 6_Z_3 dt |z=0

, (OF N\ (8GN
-0-(57) ()"
Thus the curve {(8F/8Z,)G' — (0G/dZ,)F' = 0} on the surface S has
a weak type 4 (0)—1 = ;- l,Pij(O), Eij(O)l(i, J) € I,) singular-
ity at P(0) = P, (0). Since s is arbitrary, we conclude that the curve
{(0F/0Z,)G' — (0G/dZ,)F' = 0} on surface S = {F = 0} has a weak
type u—1= (,ul.j -1, P,,(0), El.j(O)l(i, j) €T) singularity.

Lemma 2.5. Assume C = {F = 0}n{G = 0} is a curve on a smooth
surface S = {F =0} in P, degF =d, degG =k, and C has a type
w= (. Py, E\(i, j) €T) singularity. If Q € H'(P*, &(m)) is not in
the homogeneous polynomial ideal (F , G) generated by F and G, and the
curve {Q =0} on S has aweak type p—1= (u;;—1, P, E;|(i, ) €eT)
singularity, then

Z #ij('uij - 1) < dkm.
(i, j)elr

Proof. By Bezout’s Theorem, the intersection number I(Q, G), of the
divisors {Q =0} and {G =0} on S = {F =0} is equal to dkm. Let
Py =P, (0) (s=0,1,---,ny) be all the singular points of C on §,

SO,1 fo.y So,o = § be the blow-up of S at Fy o with 5071 the proper
transform of C = {G=0}nS in S, , and inductively S | Tousy »
be the blow-up of SO,s at Po, s Wwith 50, s+1 the proper transform of 50, s
in S, .. Then ;5 |C = po Eo+C, | . Since Q={Q =0} has a weak
type u—1 singularity, 7"8,1Q"(/‘00* 1)E,, is an effective divisor in So,1 ,
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S0
50,1(”;,1Q — (g0 — DEgyy)
= (7‘3, % /‘ooEoo)(“S, 19 — (00 — DEgo)
=C'Q"/‘00(/‘oo“ 1).
Therefore
1Q,G)p,=C-Q

= 50,1 : (”3,1Q — (g = DEgg) + tog(tgo — 1)

~

0,ng+1 (7, n0+1( ”5,2(”3,1Q_ (oo — 1) Eq)
(ﬂo1 - 1)E01) -t T (/‘ono - I)Eono)

"y
+ Z‘uOS(luOS - 1).

§s=0

If we continue the above process on all the infinitely near points on C of
the first order, and so on, finally we will get

I(QaG)FZ Z luij(lujj_l)' q.e.d.
(i, H)er

After these four lemmas, we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We first fix an integer d > 5. Let g be the
minimum integer so that on a generic surface of degree 4 in P’ there is
a curve C with geometric genus g(C) < g. Setting

H, .= {F € PHO(P3 , @(d))| there is a degree m curve
C c {F =0} with g(C) < g},
it is well known that H, e PH® (P @(d)) is an algebraic subvariety.

By our assumption on g and the Noether-Lefschetz Theorem, the natural
map

U g — PH (P, 0(d))

is surjective, so H,, . — PH’ (P3 , @(d)) is surjective for some positive

integer k, and the image of H, g1 — PH 0(P3 , @(d)) is a proper alge-
braic subvariety. Let



SUBVARIETIES OF GENERAL HYPERSURFACES 149

W, v, ={F e PH°(P’, #(d))|3G € PH"(P’, & (k)) such that the curve
C={F=0}n{G=0} is reduced, irreducible and g(C)<g},
Wd kg=1UF.G}le PH'(P’, &(d)) x PH’ ( @ (k))] the curve
C={F=0}n{G=0} is reduced, 1rreduc1b1e and g(C)<g}.

Since the natural map Hy, , - W, , . — PH(P>,#(d)) is not domi-
nant by Noether-Lefschetz Theorem, the image of the map o,: Wik, P
PH (P3 #(d)) contains a Zariski open set. By our assumption, o,:
W, kgt PHO(P3 "2 (d)) is not dominant. Since the two natural maps
g,: W,k,g——»Wd kg> O Wd k., g—vPHO(P @(d)) satisfy o, = 0,00, ,
there are two sets W C Wd,k’g Wd,k’g_1 and W c W, kg2 SO that
the image of the map o,: W — PHO(P3 , @(d)) contains a Zariski open
set of PHO(P3 ,@(d)), and o,: W — W is dominant. Therefore at some
regular point of }#, we can find a smooth section of o, : W — W, that
is, there is a pair {F, G} € W, such that for any deformation F, of
F with F = F, in W, there is an unique deformation G, of G with
G = G, so that {F,,G,} € w. Moreover, we can assume the family of
curves C, = {F, = 0} N {G, = 0} is p-equisingular, and C, has a type
u(t) = (u;;, P(1), E(OI(i, j) €T) singularity.

Since the surface S = {F = 0} is smooth, we may choose homogeneous
coordinates {Z,, Z,, Z,, Z,} for P’ , SO that

3—2(})01.(0)) 70, Z(F0)#0, Vi, (0,j)el.

By Lemma 2.4, for any F' € H°(P’, &(d)), there is a unique de-
formation G € HO(P3, @(k)) of G constructed above, such that the
curve {(6F/BZ3)G' - (6G/BZ3)F' =0} on S has a weak type u -1 =
(=1, P;(0), E;;(0)|(7, j) e T) singularity.

Consider the case F' = Z,U with U € H(P>,&#(d — 1)), and let
G = G'(Z,U) e H (P, #(k)) be the corresponding deformation of G.
Since
(2.1)

g—gg(zic;’(zjy) - Z,G(Z,U))

oF 8G oF 8G
Z(az "(Z,U)- a—Z—ZU) Z(az (ZU)—BTZU)
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we find that the curve {9F /0Z,(Z,G'(Z;U)~Z;G'(Z,U)) = 0} on S has
a weak type u-1 singularity. But (80F/8Z,)(F,,(0)) # 0 for all s by our
assumption, so the curve {K; (U) =0} = {Z,G'(Z;U) - Z,G'(Z,U) = 0}
on S has a weak type u — 1 singularity.

Since {F = 0}n{G = 0} is reduced and irreducible, it is well known that
the polynomial ideal (F, G) generated by F and G satisfies (F, G) =
V(F, G). Let K, be the space of homogeneous polynomials of degree
k + 1 generated by Kij(U) with i, j=0,1,2,3 and

UeH'®, o -1).

Casel. If dim(K, /(F, G))>2,wecanchoose 0 # Q € K ,,/(F, G)
so that the curve {Q = 0} on S passes through an extra smooth point of
C={F=0}n{G=0}. Lemma 2.5 gives

dk(k+1)=1(Q, G)F 2 Z ﬂij(ﬂij_ H+1,
(i, /)er

§(C) = gdk(d +k—4)+1— Y Zu(uy~ 1)

2 (i,j)er

2%dk(a’+k—4)+l—%dk(k+l)+

b

| =

that is, g(C) > 1dk(d - 5)+2.

Case2. If dim(K_,/(F, G))=1,let Q be ageneratorof K, ,/(F, G).
Then Kij(U) = Aij(U)Q mod (F, G), where Aij(U) are complex num-
bers. We may assume 4; j( U) #0 forsome i, j, U. From the construc-
tion of K, (U), we get

Z,K (U)+ZK; (u)+ZK,(U)=0,

(Z,A,;(U) + Z,4,(U)+ Z,4,,(0)0=0 mod(F,G).
Since {F =0}N{G = 0} is reduced and irreducible, and @ is nontrivial,
we must have
2,4, (U)+Z,4,(U)+Z;4,(U)=0 mod(F,G).

. But degF =d > 5,50 degG = k = 1. We may assume that (i, j) =
(0, 1), ie., Ay (U) #0. Then

GlAy (U)Z, + A, (U)Zy + A5y (U)Z,,

GlAy (U)Z5 + A3 (U)Zy + A50(U)Z,,

and this is impossible.
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Case 3. If dim(K, ,,/(F, G)) =0, then
KU(U) = BU(U)F + Cij(U)G.

Here B;;(U) and C, j(U ) are homogeneous polynomials. From the equa-
tion

Z;,KU(U) + Zl.th(U) + Zthl.(U) =0,
it follows that

(ZhB,.j(U) +ZB,(U)+ Zthi(U))F

+ (ZhC,.j(U) + Z,.th(U) + ZjCh,.(U))G =0.

Since F and G are relative prime, deg C,.j(U y=1,and degF =d > 5,

it is easy to see that

ZhC,.j(U) +Z,.th(U) +ZJ.C,”.(U) =0,
ZhBij(U) + Zith(U) + Zthi(U) =0,
so that

C,;(U)=ZCy(U)-Z,C(U),
B, (U)=ZB,(U)—- ZjBi(U)
for some homogeneous polynomials B,(U), C,(U). Therefore

Z,G'(Z,U) - Z,G'(Z,U) = K, ,(U)
=(Z,B,(U) - Z,B,(U))F
+ (Zicj(U) - ZjCi(U))G,
Z(G'(Z,U) - B,(U)F — C;(U)G)
- Z,(G'(Z,U) - B{U)F — C(U)G) =0,
G'(Z;U) - B,(U)F - C{(U)G=2Z;V

for some V € H(P’,&(k ~ 1)). The curve {(9F/9Z;)G'(Z,U) ~
(0G/8Z4)Z,;U =0} on § has a weak type x—1 singularity, Z(F, (0)) #
0, so we conclude that for any U € H® (P3 ,@(d — 1)), there is a cor-
responding V € HO(P3, gk — 1)), so that the curve {(QF/0Z,)V —
(0G/0Z,)U = 0} on S has a weak type u — 1 singularity. Note that
V =V (U) is unique mod (F, G).

Now the above argument can be repeated again. We construct the space
K, . If dim(K, /(F, G)) > 2, then as before we get the estimate g(C) >
1dk(d — 4)+2 > Jdk(d — 5) + 2, while otherwise we may continue on.
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If k>d and dim(Kj/(F, G)=0for j=k+1,k,--- ,k—-d+2,
then the above argument will end with a homogeneous polynomial R, of
degree k —d, such that the curve {(0F /0Z,)R,—~08G/dZ;-1=0} on §
has a weak type u — 1 singularity. If we replace Z, by Z, (i=0,1, 2)
and repeat the same argument, then either we get the right estimate for
g(C), or we have homogeneous polynomials R,, R, , R, of degree k —
d, such that the curve {(8F/3Z,)R, —0G[0Z;-1 =0} (i=0,1,2)
on S has a weak type u — 1 s1ngu1ar1ty By our construction R,
R, =R, =R, mod(F,G) and degR, = k—d < k, so R, = R,
R, =R, mod (F). If (0F/3Z)R, ~8G/8Z = 0mod (F, G) for all i,
then deg&G/&Z =k — 1 < k implies that (0F/0Z)R, - 0G[0Z, =0
(mod F), so that the Euler relation will give us G =0 mod (F). Therefore
one of (0F/0Z,)R. —8G/8Z, # 0mod (F, G), hence Z,ut.j(,uij -1 <
dk(k — 1) as before, i.c.,

dk(d - 3) dk(d - 5)
—7  tlz/—5—

If k<d and dim(K,/(F, G)) =0 for j=k+1, k,---, 2, the above
three steps of the argument will end with the following situation: for any
Ue H®,7d - k)), there is a corresponding constant V = V(U),
such that the curve {(8F/0Z,)V —(0G/0Z,)U =0} on § has a weak
type u — 1 singularity. Now we define K|, and we only need to consider
the case dim(X,/(F, G))=0. Take U=Z,U',andlet V = V(Z,U') be
the corresponding constant. Then

“

IH n

g(C) > +2.

! ! !
ZV(ZU) - ZV(ZU') = 4,(U)G
in K|, thanks to the fact deg F =d > 5. Now
(Z,4,,(U') + Z,Ay(U') + Z,4,,(U'))G=0,

and forces Aij(U') =0 forany U, thatis V = V(U') = 0. Then the
curve {(8G/8Z3)U' = 0} on S has a weak type x4 — 1 singularity for
any U € H'(P’,&(d — k — 1)), ie., the curve {9G/dZ, = 0} on §
has a weak type u — 1 smgulanty Smce k < d and one of the 0G[oZ,
(i=0,1, 2, 3) is nontrivial, we get Zﬂ,,(ﬂ -1< dk(k - 1), and

g(C) > dk(d~-5)/2+2.

This completes the proof of Theorem 2.1.
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3. Hyperplane sections of generic surfaces and the proof of Theorem 1

Before we go into the proof of Theorem 1, let us first have a look at
the special case & = 1.. Namely, if C is a hyperplane section of a generic
surface in P , what kind of singularities can C have?

Proposition 3. Every hyperplane section of a generic surface of degree
d>5 in P has at most either (1) 3 ordinary double points, (2) an ordinary
double point and a simple cusp (locally defined by x?= y3) , or (3) a tacnode
(locally defined by x* = y*).

Proof. We follow the notations in the proof of Theorem 2.1. Let
{F,G} € W, and assume C = {F = 0} n{G = 0} has a type u =
(4, i P, E; j) singularity. Since for any deformation F’ ¢ HO(P3 , @(d))
of F, there is a deformation G’ € HO(P3, Z(1)) of G, such that the
curve {(8F/0Z,)G — (0G/0Z,)F' = 0} on S = {F = 0} has a weak
type u—1= (uij -1, P, El.j) singularity, we have

(3.1) (BG r OF

37" =52, ) ) =0

on S for all the singular points F,, on C. If C has at least one dou-
ble point, then there will be a nontrivial condition imposed on G'. Be-
cause of the fact degG = 1, we may choose homogeneous coordinates
{2,,2,,7,, Z;} such that 3G/0Z, # 0 for i =0, 1,2,3. Note that
Py € {G=0}, h°(P*, @(1)) = K°({G = 0}, #(1)) = 3, and that it is well
known that any four distinct points of P’ impose independent conditions
on homogeneous polynomials of degree > 3. Thus (3.1) implies that C
can be singular at most at three different points.

We show next that there is no point P € C such that its multiplicity
e(P,C)>3,ie, uy <2 forall s. Assuming there is one, then for any
deformation F, of F = F,, there is a deformation G, of G =G, such
that the family of curves C, = {F, = 0} N {G, = 0} is u-equisingular and
C, has a singular point P(f) with multiplicity e(P(t), C,) > 3. Because
k =1 and the surface {G, = 0} is smooth, solving G,(1, z,, z,, z;) =0,
we get z; = y,(z,, z,), where y, is linearin z,, z,. Let

ft‘(Zl > Zz) = Ft(l s 215 2y, l//t(Zl > Zz))a
P() =11, ¢;(8), c5(8), w,(c; (1), ¢y ())].

Then
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iz, z) =Y a0z~ ¢, (1) (z,~ (Y

i+j>3
J 5 de. (1 F) de,(t
af_t;(zl, 2) o =——5.—Zf%(21,22)"‘%i("_) 10 af( 1722) (35) Y
da..(t i '
£y {%7(—) }<zl — ¢, (0)) (2, - 6,0
i+j>3 t=0

As in the proof of Lemma 2.4,

-1
af; =F — (O_G_) g_g’;
t=0

(3.2) a,—t’(z1 ) Z,)

0Z, 9z,
thus

, (8G\"' dF
(F _(ﬁ;) -57;0)(1,21, Zy, V/()(Zl’ZZ))

. Q_fgdcl(t) B_fo_dcz(t)
dz, dt dz, dt |,

I3

= 0(3)

t=0

at P(0) on {G = 0}. Since K°(P?,@(1)) = 3, K’(P*,&(d)) > 6 for
d > 5, and the set

A, ={1, z, —¢,(0), z, — ,(0), (z, — ¢,(0))°,
(2, = ¢,(0))(z, — ¢,(0)), (2, — ,(0))*}

has six elements, so we can choose F’, such that the above equation is
not true for any choices of G' € H O({G = 0}, £(1)) and the two numbers
de,(t)/dt|,_y, dc,(t)/dt|,_,. Therefore C has only double points.

Now we look at the case where C has a simple cusp. Let C, be a
u-equisingular deformation of C, and P(¢) be the simple cusp of C,.
Using the notation of the last paragraph, we have

Iz, 2)) = @)z, = (D) +b(1)(z, ~ 1))
+ Z a;(t)Xz, - )) (Zz Cz(t))1>

i+j>3
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f;(Z )I 6fl) dcl(t)l _ gf_l)_dCZ(t)l
dr 21 2= = 9z, dt =07 gz, dt =0

da..(t . .
"2 { a;t( )|’=°}(Z‘_C‘(O))l(zz—cz(O))’

i+j>3

1 2(a(0)(z,  ¢,(0)) + bO)(z, - ¢,(0)))
("“(’)|, oz~ () + 22Dz, - (0»),

and also, by (3.2),

r (0G\ ' OF
(F~(az3) EVA )(1 21 70 Vol 1)

N 01y dey(t) 0y dey(1)
oz, dt |,_, 0z, dt |_,
= 2(a(0)(z, ~ ,(0)) + b(0)(z, ~ ,(0)))
(5 e+ G2 @-a0) o)

at P = P(0) on {G = 0}. The set 4, just defined above contains six ele-
ments, and we are free to choose dc¢,(2)/d1|,_,, dc,(t)/dt|,_,,da(t)/d1],_q,
and db(t)/dt|,_,, so having a simple cusp imposes at least two conditions
on G'. Now if D, and D, are two distinct points of C, one can find
' hyperplanes H;, (i = 1,2) sothat H, = 0 at D, and H; # 0 at Dj
for j # i. Writing F' = H13F1 +H23F2, because F' € HO(P3,(?’(d))
and d > 5, we can choose F,, F, so that the Taylor expansion of
F'| o has prescribed coefficients up to the second order at any two dis-
tinct points D1 ,D, € C simultaneously. However G € H° ({G = 0},

@(1)) = H'(P*, (1)), and h°(P? ,@(1)) = 3, so C could not afford
two simple cusps Similarly, writing F' = H F, + H,F, + H H,F; , we can
choose F,, F,, F, such that F' |G 0 has prescnbed values at D,, D,

and simultaneously its Taylor expansion has prescribed coeﬁic1ents up to
the second order at a point D; € C. By (3.1) and above, we see that C
cannot have two ordinary double points D;, D, and a simple cusp D;,.
So we conclude that if C has no infinitely near point P, j of the first order
such that e(P, T C)=u, ;> 1, then C has at most three nodes or a node
and a simple cusp.

Finally, we consider the case that the proper transform of C after blow-
ing up at Py, is singular at P,,. Let {z,, z,, z;} = {Z,/Z,, Z,/Z,,
Z,/Z,} be local coordinates, and C, = {F, = 0} n {G, = 0} be a
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u-equisingular deformation of C. Keeping f,, g,, v, as before, and de-
noting & = z,~¢,(0), 1= 2,~¢,(0)/2,—¢,(0), Poy(t) =11, ¢, (1), cy(0),

y,(c (1), ¢,(D)], Pyo(t) = (0, ¢4(2)), we then have

£z, z) = Y a0z~ (1) (2, — (),

i+j>2

3 a0z, - ¢,0)'(z, ~ 6,0

i+5>2
=(z, - ¢,(0 (Zb 11— cy( ))f)

i+j>2

= (z, — ¢, (0))* 1 (&, m),

d 0 d 0 d
z];—'(zl, )| = /YR c(}ft) - 8002, 2 —%t—) 3
+ %{ > a0z~ ¢ (0)(z, —c2(0))"}
i+j>2 =0
_dfde ()] 8fdo()
0z, dt |_, 0z, dt |_,
d 2 4
+ 72, = ¢ (0 F €, mlos
d dfhde,(t db, (1) i ~
i =- el 3 L0 oy,
=0 i+j>2 =0

and also, by (3.2),

G\ '/ oF
R CANCAL e
3 3

A 8, dey(t)
3.3) T oz, dt |, 8z, dt |,

afid
=(Z1—C1(O))2( 3{] C;t(t)

+ 0(2)) :
=0

If we take the Taylor expansion of the left side of (3.3) at z, = ¢(0),
z, = ¢,(0), then its coefficients of 1, z, —¢,(0), z,—c,(0) must be zero.
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As we noted early, this imposes at least one condition on G’ due to the free
choices of dc,(#)/dt|,_, and dc,()/dt|,_,. Since the set {1, &, n—c;(0)}
has three elements, and we are free to choose the number dc,(t)/dt|,_,, if
the proper transform of C in the blow-up of S at Py, has a double point
P, , then at least two more conditions will be imposed on G’ . Altogether
at least three conditions are imposed on G'. However, dim HO({G =
0}, &(1)) = 3, thus it is not hard to see that P;, must be an ordinary
double point. If P, is a simple cusp, then at least one more condition
will be imposed on G’ as we have seen in the last paragraph. If we have
a worse singularity than a node or a simple cusp at P,,, we can go on one
more step up as we will do in the proof of Proposition 4 to see that it will
impose extra conditions on G’ . Therefore P, isatacnode of C. g.e.d.

Finally we give the

Proof of Theorem 1. Let C be a curve on a generic surface S of degree
d>5in P’. Then C is a complete intersection of S with another surface
of degree k. By Theorem 2.1, the geometric genus g(C) > 1dk(d-5)+2.
For d > 6, we have

L dKd=3) , dd-3) _

g(C) > 5

2

when k > 2. We conclude that the sharp lower bound of g(C) can be
achieved only by a hyperplane section. When k=1,

A~ 1
§(0) = n(0) - Y Futty =D
dd-3 ti(iy; — 1)
=L2__)+1_Z_J__21__
d(d -3)
2——5—=2

by Proposition 3.

It only remains to consider the case d = 5. By Theorem 2.1, g(C) > 2.
Our goal is to show that actually we have g(C) > 3.

Now we assume there is a type (5, k) curve of geometric genus g(C) =
2 on a generic quintic surface S. By Proposition 3, we must have k > 1.
Again we follow the notation in the proof of Theorem 2.1. Let {F, G} €
W, and let C = {F = 0}n{G = 0} have a type u = (4, P;;, E;;)
singularity, such that for any F’ € HO(P3 , @(5)), there is a unique G' =
G'(F'ye H'(P*, #(k)), so that the curve {(8F/8Z,)G —(3G[OZ,)F' =
0} on S has a weak type u — 1 singularity. Let F|, F, € H'®P?, 2(5)).
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Then the curve {G'(aF, + bF,) — aG'(F|) — bG'(F,) = 0} on S has a
weak type u — 1 singularity. We may assume that G'(aFl' + bF2') -
aG'(Fl')—bG'(Fz') =0mod (F, G) forall a, b, Fl', F2'; otherwise we will
get Yp,;(n,; — 1) < dkk by Lemma 2.5, and g(C) > 3dk(d - 4) > 3.
~ Therefore the map H'(P*, #(5)) » H' (P, 0(k))/(F,G), F - G =
G'(F') is linear.

Recall that we use K, , to denote the linear space of homogeneous
polynomials of degree k+1 generated by K, (U)=Z,G' (Z,U)-Z,G'(Z,U)
with i,j=0,1,2,3,and U e H' P, &#(4)). From the proof of The-
orem 2.1 it is easy to see that dim(K,, /(F, G)) <1 implies g(C) > 3.
So we need only to consider the case where dim(K,_,/(F, G)) > 2. As we
noted in (1.1), a sectionof K(®C =& (d+k—4) = @(k+1) with a weak
type u — 1 singularity induces a section of the canonical bundle of the
desingularization of C. But degK;;(U) = k+1, and the curve {K;; = 0}
on § has a weak type u—1 singularity, so dim(K, ,,/(F, G)) = 2 because
of g(C)=2.

If we fix some U € HO(P3, &(4)), so that K, ,(U) is nontrivial in
KI.J./(F, G) for some i, j, then the linear span of the set {Kz.j.(U)li, ji=
0,1, 2, 3} is the whole space K, _,/(F, G), as we noted in case 2 of the
proof of Theorem 2.1. Let Q,, Q, be two generators of K, ,/(F, G),
and :

Z,G(Z,U)-Z,G'(Z,U) = K, (U)
=a,,0,+5,0, mod(F,G).

Then the 4 x 4 matrices 4 = (a; ;) and B = (bij) are skewsymmetric

and nontrivial. If we take a linear transformation Zl.' = 2 ;h;Z; of
the homogeneous coordinates {Z,}, and use the linearity of F' — G’ =

G'(F'), then
Z,G(Z;U)- Z,G'(Z,U) = (HAH"),,Q, + (HBH");,Q, mod (¥, G)

with H = (h;;). It is well known that we can choose new homogeneous
coordinates, still denoted by {Z;, Z,, Z,, Z,}, so that the alternative
form B has the following standard form:

Case 1:

—

B =

OO~
o O OO
O O OO

0
0
0
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Since _
(3.4) Z,K (U)+ZK,(U)+Z,K,(U)=0,
we have
@2y + apZ; + @y 20y + (b2 + by Z; + by, 2)Qy
=0 mod(F,G).
Setting {i, j, h} ={1, 2, 3} in (3.4), we get
(a;Zy +ay,Z;+ a,,Z,)Q, =0 mod (F, G),
a;Z, +ayZ, + ahz.Zj =0 mod(F, ).

Because k> 1, aij=0 for i,j=1,2,3.
Similarly, a,.j=0 for i, j=0,2,3. Setting {i, j,k}={0,1,2} in
(3.4), we obtain

4y, Z,0,+2,0,=0 mod (F, G),
which contradicts the fact that degG =k > 1.

Case 2.
0O 1 0 O
-1 0 0 O
B=19 o 0 1
0 0 -1 0
Setting {i, j, h} = {0, 1, 2}, {0, 1, 3}, {0, 2, 3}, {1, 2, 3} in (3.4),
we get

M,Q,+2,0,=0 mod(F,G),
M,0,+Z,0,=0 mod (F,G),
M,0,+Z7,0,=0 mod(F,G),
M0, +(Z,+Z)0,=0 mod(F,G).

A linear combination of the above will lead to
(3.9) L@ +L,0,=0 mod(F,G),

where the line L, = aZ,+bZ, +cZ,+dZ, with free choices of a, b, c,
d . Now we may choose L, sothat L,NC does not contain any singular
points of C, and the intersection number I,(L,, C)g =1 at any point P
of L,NC. By Bezout’s Theorem, L,NC contains 5k points with at most
2 points in {Q, = 0} N C, because deg Kx=2g-2=2 and Q, induces
a section of Kx. From L Q, = -L,0Q, it follows that at least 5k —2
points of L,NC areon L, =0, sotheyareon L, NL,NS. Since Q,
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and @, are linear independent, (3.5) implies that L, # L,. We conclude
again by Bezout’s Theorem that 5k —2 < 5,1i.e, k£ =1, a contradiction.
This completes the proof of Theorem 1.

4. Subvarieties of higher dimensional hypersurfaces

By the Noether-Lefschetz Theorem, we know that every curve on a
generic surface of degree d > 4 in P’ isa complete intersection. In
higher dimensions we have a better situation, thanks to the Lefschetz The-
orem, which states that if V' is a hypersurface in P! with n > 3,
then PicV = Z, and it is generated by &, (1). Now if M C V is a
codimension-1 subvariety, then it is a complete intersection of ¥ with
another hypersurface. '

Almost the whole proof of Theorem 1 can be generalized to prove The-
orem 2, except we cannot apply intersection theory in higher dimensions;
instead we need the following theorem of Hopf (cf. [1, pp. 108]).

Lemma 4.1 (Hopf). Given any setup of a linear map v: A® B — C,
where A, B, C are complex vector spaces and v is injective on each factor
separately, then

dimv(4® B)>dimA4 +dimB - 1.
The analogy of Theorem 2.1 in higher dimensions is the following,
Theorem 4.2. If M is a codimension-1 subvariety of a generic hyper-

surface V of degree d > n+ 3 in pt! (n>3), and M is a complete
intersection of V' with another hypersurface of degree k , then

pn= (5 3) - (4,507) v

Again the proof of Theorem 4.2 is based on the following three lemmas.
Lemma 4.3. Let M be a codimension-1 subvariety of a smooth variety
V of dimension n, and assume that M has a type i1 = (;, X, Ej)
singularity. If Q C V is an open neighborhood of some point of M,
{z,, -+, z,} arelocal coordinates on Q, and M is definedby g(z,,--- ,

z,) =0 and has a type po = (u;, X;, E;|j € {0, --- , m}) singularity on
Q, then the subvariety {0g(z,,--- ,2,)/0z;,=0} (i=1,---,n) hasa
weak type ug—1= (-1, X;,Ejlje {0, --- , m}) singularity on Q.

Proof. Since the statement of the conclusion is independent of the
choice of the local coordinates, we may assume that X, is defined locally
by z,,,=--=2,=0. Let

1 o ’ _Zh+1 ’ _ r
Zl_zl’“"zh_zh’zh+1_ z st Zp g < z » 2y = 2y
n n
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be coordinates on the blow-up of Q along X,. Then

/ P ’ / ro
g(zl’ T Zn):g(zl’ T 2 ZpaZns T s Zp1 % Zn)

_ AN P !
_(Zn) Og(zl’...’zn),

3g~ '”O?iﬂ .
(9Zl~ —(Zn) azl{’ 1_1’2’ ’h,
t
_a_ﬁz(z;)"o‘la_g i=h+1,---,n—1,

0z,

0z,
!
88’ 97,
9z, 0z,
n—1 t §
= uo(z,) o gt () (— 3 08, ;198 ) .

Z —
i ! n !
s 9% 0z,

o -
S = oz, ) g+ (20 Y

n

Since {gﬂ = 0} has improved singularities, by induction, {9 gji /8 z:. =0}
(i=1,---,n) has a weak type (/zj— 1,X,,E]|je€ {1, .--, m}) singu-
larity on the blow-up of Q along X,,,so {9g/0z;=0} (i=1,---,n)
has a weak type ug — 1 singularity on 2.

Lemma44. If M,={g/(z,, -, z,) =0} is a p-equisingular family
of varieties defined in an open set Q@ c C", and M, has a type u(t), =
(s X,(t), E;(t)lj € {0,---, m}) singularity on Q, then the variety
{dg,/dt|,_, = 0} has a weak type u(0),—1= (1; =1, X(0), EJ.(O)\j €
{0, --- , m}) singularity on Q.

Proof. Since X,(?) is a smooth manifold, we may assume that X()
is locally defined by

Zhn = Cpa(Zrs 5 2y ) s 2, =0,(2y, 00, 2, 1),
Then
gz, rz)=

b+ 2
i i
(Zpr =1 (205 5 2y, O (2, 020, 0 5 2, D)

By replacing Lemma 2.2 by Lemma 4.3, the proof goes exactly in the same
way as that of Lemma 2.3.

Lemma 4.5. Let F, € H'(P™',2(d)), G, € H'®"',o(k)), and
M, = {F, =0} n{G, = 0} be a u-equisingular family of varieties with a
type u(t) = (u;, X;(1), E()]j el singularity. Set dF,/dt|,_, = F',
dG,/dt|,_y = G, and assume that all the hypersurfaces F, = 0 are

AN ,in(Zl’ Tt Zh’ t)
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smooth for t in a neighborhood of 0. Then the subvariety { (OF,/ 6Zl.)G' -

(8G,/0Z,)F' =0} (i =0,1,---,n+1) on V = {Fy = 0} has a
weak type u(0) —1 = (u; — 1, X;(0), E;(0)|j € T) singularity, where
{ZO, Z,--,2,.,} are homogeneous coordinates.

Proof. For any point P € M, we can find an open set Q > P of
V', and generic homogeneous coordinates {Z;} with Z] = 2}':; 1,Z,
(i=0,1,---,n+ 1), so that 3F0/8Zi' # 0 on Q for all i. Assum-
ing M, has a type ug(0) = (4;, X;(0), E(0)|j €Ty) singularity on Q,
and proceeding as in the proof of Lemma 2.4 except using Lemma 4.4
instead of Lemma 2.3, we conclude that the subvariety {(8F,/9Z))G’ —
(8G,/8Z,)F' = 0} has a weak type uq(0) — 1 singularity on Q. Since
- (0F,[8Z,)G' —(8G,/8Z)F’ is a linear combination of the (8F,/0Z))G’
—(8G,/8Z;)F' (j=0,1,---,n+1), and the property of having a weak
type ug(0) — 1 singularity is additive by §1, we see that {(0F /6Zl.)G' -
(0G,/8Z,)F" = 0} has a weak type 4,(0) — 1 singularity on Q. Se-
lecting a covering of V' with open sets, we deduce that the subvariety
{(aFO/aZ,.)G’ - (6G0/6Zl.)F' =0} on V has a weak type p(0) -1 sin-
gularity.

Proof of Theorem 4.2. As we noted at the beginning of  this section,
every codimension-1 subvariety of V' is a complete intersection. As in p? ,
we can find a pair {F, G} € H'P"™", #(d)) x H'(P"*', #(k)), which
has the following property: both {F = 0} and {F =0} N {G = 0} are
reduced and irreducible, and for any deformation F, of F with F = F,,
there is a unique deformation G, of G with G = G, so that the family
M, = {F, = 0} n{G, = 0} is p-equisingular, and M, has a type u(f) =
(u;, X (1), E(t)lj €T) singularity.

Now using Lemma 4.5, we may repeat the argument in the proof of
Theorem 2.1. We construct the space K, _,, so that forany K € K, |,
degK = k + 1, and the subvariety {K =0} on V = {F =0} has a weak
type 4~ 1= (u; — 1, X;(0), E;(0)) singularity. By (1.1), a section of
K, ®M =K, ® My =& (k+d—n-2) with a weak type u— 1 singularity
gives a section of K . Since

. 0, pn+l d-2 d—k-2
dim(H (P ,6(d-n-3))/(F, G)= (n+1> —( ntl ),

if dimK,_, > 2, then by Lemma 4.1, we conclude

0,75 d-2 d-k-2
pg(M>—h(M,Kﬂ>z(n+1)—( e )+1.
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If dimK; , <1, we may follow the argument in the proof of Theorem
2.1 and get the same estimate on p g(M ). q.ed.

In the special case £k =1, we have

Proposition 4. Let M be a hyperplane section of a generic hypersurface
V of degree d > n+3 in P*"*' (n > 3). Then M has at most n+ 1
singular points, all of which are double points, and the singularity does not
affect the geometric genus of M, i.e.,

e =, 1) = (ae):

We postpone the proof of Proposition 4 until the next section. Now
Theorem 2 is an easy consequence of Theorem 4.2 and Proposition 4.

Proof of Theorem 2. Let M be a complete intersection of ¥ with
another hypersurface of degree k. Then by Theorem 4.2, we have

d-2 d—k-2
pg(M)Z(n+1)_( n+1 )+1'

Pz (51 7) - (5o1) 1

if k =1, then by Proposition 4, we obtain

P (M) = (nf—l) - (‘ri;i)
ozl (152)- () o1 (4)- (D)

This completes the proof of Theorem 2.

If £ >2, then

So

5. Hyperplane sections of generic hypersurfaces in p"t!

In the last section, we saw that if a codimension-1 subvariety M =
{F =0}n{G =0} of a generic hypersurface has a type 1= (4;, X;, Ej)
singularity, then for any deformation F' of F, there is a deformation G’
of G, such that the subvariety {(8G/8Z,,,)F' —(8F/3Z,,,)G' =0} on
{G = 0} has a weak type 1 — 1 singularity. Now we are free 1o choose
F' e H'P"', @(d)) arbitrarily, and if degG = 1, then G’ must stay
in H({G = 0}, #(1)) with dim H*({G = 0},@(1)) =n+1. Thus M
cannot afford very bad singularities. Here is a sketch of the
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Proof of Proposition 4. We first take a pair
(F,Gye H'(®P™, 0(d)) x H(P"™, &(1))

as in the proof of Theorem 4.2, and assume that the codimension-1 sub-
variety M = {F = 0} n{G = 0} of the generic hypersurface }V =
{F =0} has atype u = (Hj, X;, Ejl|j € {0, --- , m}) singularity. Since
the hyperplane {G = 0} is smooth, we can find homogeneous coordi-
nates {Z,, -, Zn+1} such that 8G/8Z, #0 for i € {0,---,n + 1}.
By Lemma 4.5, we conclude that for any F' € HO(P""L1 ,@(d)), there is a
G' € HY (P!, #(1)) so that the variety {(9G/0Z,, )F' —(8F[9Z,,,)G
=0} on {G =0} has aweak type u—1= (,uj -1, Xj, E}) singularity.
If P is a singular point of M , we must have

aG ., OF
(5.1) (BZ”HF - BZMG) (P)=0

on {G = 0}. It is well known that homogeneous polynomials of degree
d > n+ 1 take independent values on any 7 + 2 distinct points in pt,
But G’ € H'{G =0}, #(1)), and K°(P", #(1)) = K°({G = 0}, &(1)) =
n+ 1; thus (5.1) implies that M has at most » + 1 singular points. The
same argument as in the proof of Proposition 3 shows that M has no
triple points, that is, ;= 2 for every j.

By formula (1.1), in order to conclude that the singularity of M does
not affect its geometric genus, it suffices to show that dim X s <n- 2 for
each j.

Now assume that dim X =n- 2 for some j. For simplicity, we may
assume that M has one double point P = X, djij <n-2for j<m,
dimX, =n~2,and all points of X, (i=1,---, m) are infinitely near
points of P.

Given any deformation F, of F, there is a deformation M, = {F, =
0}n{G, =0} of M ={F =0}n{G = 0}, so that the family M, is u-
equisingular and M, has a type u(¢)=(u;, X;(?), Ej(t)lje{O, 1,---, m})
singularity with u; =2 forall j. Let the point X,(¢) = [1, ¢, (£), -,

C1 DY, zg;=2Z,/Zy for i=1,---, n+1. Solving the equation G, =0,
we get z,.;) = W,(Zgys 5 Zgp) - St

Jo,:(Zors 5 Zop) = Fi(L, 2o, -+ 5 Zo,s W20y - > Zg)) s

dF, /

—EL(ZO’ ER) Zn+l)|t=0 =F (Zo’ U Zn+1)’

dG,

!
dt (ZO’ B Zn+1)lt=0=G(ZO’ Tt Zn+1)'
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Then

dfy : a6 \_ oF
(-2) @ 0= 5Z,,,) 3Z,.,°"

Since X,(¢) is a double point of M, = {f, , =0}, we have
(5.3)

foo= 2 4. 0z — () (2g, — (D)™,

4ol 22
dfy., N . dc,(t)
dt - 820. dt
t=0 =1 J t=0
d iy i
+ Z Eiail...i,,(t)(zol_cl(o)) 1+ (Zon = 64(0))
iyt 22 t=0
Let
. df. af; dc, (t
(5.4) Jo(Zo15 o s Zg0) = a?t’t Z 320 .
=0 =1 0 t=0

If we write down the Taylor polynomial of fo* at the point X,(0), then
its coefficients of 1, z), — ¢/(0), -+, 2, — ¢,(0) must all be 0. Since

1
F(I:ZOI,"' ,20,,, Wo(z()la"' ’ZOn))

(5.5) = Z bil--'i,,(ZOI - CI(O))il (2, — cn(O))in

d2i +--4i, >0
with free choices of all its coefficients bil-»i,‘ , the set {dc,(t)/dt|,_yli =

1,---, n} contains n elements, and fo* depends linearly on F', we see
that (5.2) and (5.4) imply that there will be at least one condition imposed
on G’ if M has one double point.

We may move the point Xy(¢) € V, , = {G, = 0} to X(0) € {G = 0}
and blow up simultaneously at X (0) Let Vi~ V,, bethe blow-up,
M, , be the proper transform of M in Vi .>and
Zg, — €,(0) Zo, — €,(0)

, e, Zn___.__
Zo1 —¢(0) : Zg; —¢,(0)

be the new coordinates after the blowing up. Then M, , is defined by
fl,t(zll y T Zln) = 0. Here

_ i, =2 iy i
Jia= > a;.; ()2 I Zln

2y =20 —¢(0), z,=
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By (5.3) and (5.4),

djjl tl
56 dr '=0
(>:6) = (2o — 01(0))_21/;(201 srt s Zop)
= 2 (2 +¢,0), zyy - 2+ & (0), -+ 5 2y - 2y, + €, (0)).
If we let

/ e, =2 i i
F = Z bi,.--i,,zill 23 2o
d2i+e+i, 22
then by (5.5) we can choose b,.]mi freely. Furthermore df, ,/dt|,_, de-
pends linearly on F, because of (5.2), (5.4), and (5.6). Since G €
Ho({G = 0}, #(1)) and #°({G = 0}, (1)) = n + 1, the main point
of rest of the proof is to see what condition

oy _pr_ (26 L
dr =0 6Zn+l 62n+1

must satisfy if M has a certain type of singularity; then we choose an
appropriate F' so that there is no G which satisfies the condition. We
need to continue our discussion in the following cases.

Casea. n=3. We claim that the proper transform M, , of M, in V|,
cannot have more than one singular point on the except10na1 d1v1sor E (t)
Assume that M| , has two distinct singular double points P,(¢) and P 5 (2)
on the exceptlonal divisor E(t), and let P,(z) = (0, d (t) e (1)) and

Py(t).= (0, d,(1), e,(2)) in the {z,;} coordinates. By generic choice of
the homogeneous coordinates {Z,, --- , Z,}, we may further assume that
d,(0) # d,(0), €,(0) # e,(0) . Since M, , is defined by f1,z =0, we have

Sz 22 = D0 6 (D22, — dy(0) (2 — ()",

i iy iy 2

5.7 fi= LU 9f1,0 dd,(2) 31y, de(?)
. t dt 8z, dt |, 08z, dt |,
d ;
C di Z Ciiyiy (¢ )211(212 d,(0)*(z, —61(0))
i iy +ig>2 »
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So the coefficients of 1, z,,, z,, —d{(0), z,; — €/(0) in the Taylor
expansion of £ at P,(0) must be 0. We have
/ it +i—2 D, i
F = Z b izt © 7 22
d2 i +iy+iy>2

= 3 bz, d,(0)(z)5 - €,(0))

22i+j20

+z ) b;;(zu - ‘1'1(0))1.(213 —e,(0)) + zfl (o).

32i+j>0

Here we are free to choose b;j , b:; By (5.7), f;‘ depends on the two
numbers dd,(¢)/dt|,_,, de,(t)/dt|,_,. Therefore (5.2), (5.5), and (5.6)
imply that if P,(0) is a double point of M ,, then at least two more
conditions will be imposed on G’'. Similarly the coefficients of 1, Zy—

d,(0), and z,; —e,(0) in the Taylor expansion of

dfi .| | Bfi0dd )| | 8fi0de)
di 8212 di 3213 dt

=0
at P, (0) must be 0. Moreover any change of the coefficients of

(z),—4d, (0))2 » (z13~-¢ (0))2 » (21,—d,(0))(z,;—€,(0)), or z,,(zy,—d(0))
of Fl' does not affect the above situation at P,(0) . Since

(21— 4,(0))" = 2(d,(0) — d,(0))(2; — 4,(0))
+ (21, - 4,(0))" + (,(0) - 4,(0))",
(215 — €,(0))" = 2(e,(0) — £,(0))(z,, — €,(0))
+ (215 = 6,(0))” + (e,(0) - £,(0))",
(21— 4, (0)) (235 — €,(0)) = (d,(0) — d, (0)(e, (0) — ,(0))
+ (dz(o) - d1 (0))(213 - 6’2(0))
+ (6’2(0) — € (O))(Z12 - dz(o))
+ (215 = dy(0))(z3 — €,(0)),
z(215— d1 (0)) = (d1(0) = d1 (0))z,, + 211(212 - dz(o)) ’
the conditions d,(0) # d,(0) and e,(0) # e,(0) imply that we are free to
choose the coefficients of 1, z,,, z;, —d,(0), z,; —,(0) of Fl'; thus

we are free to choose the coefficients of 1, z,,, z,, —d,(0), z;; —&,(0)
of f. Moreover, if M, , has a second double point P,(0), then at

least two extra conditions will be imposed on G'. But 1 +2+2 > 4 =
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ho({G = 0}, (1)), so M, , has at most one singular point. So far
if M has a double point, there will be at least one condition imposed
on G. If M, has a double point, then two more conditions will be

imposed on G'. Since d > 5, we are free to choose the coefficients of
20, 2y 2(2 —d(0)), z,,(2 — €, (0)) of Fi. Itis not hard to see
that there will be at least two other conditions imposed on G’ if the proper

transform of M. 1.0 after blowing up at P,(0) has a double point. Since

ho({G =0}, & (1)) = 4, this is impossible. In conclusion, dim X .= 0 for
every j incase n=3.

Case b. m =1, thatis, dim X, () = n— 2, where X,(f) is a two-fold
submanifold of M . Since M, , is defined by f1 t(zll st 2 =0
by Lemma 4.3, a’f1 t/dtl = 0 on X,(0). Now we can choose all

2 2 ’
the coefficients of the monomials 1, Zigs 5 Zlys F12Z13s 00 5 21, Of B

freely, dimX,;(0) = n~2, h°(P"%,&(2)) = (3), and df; ,/d!],_, de-

pends linearly on Fl' . Thus the singularity of M, , along X,(¢f) imposes

at least (3) conditions on G'. On the other hand, hO({G =0},4(1)) =
n+1< () if n> 4. This is impossible.

Casec. 1 <dim X (f) =s, <n—2. Since M, , has a type (uj, Xj(t),
E)lje{t, - m}) singularity with B = 2 and M, is defined by
f1 , =0, by Lemma 4.3, df, At = 0 has a weak type (1, X;(0),

(O)I Jje{l,---,m}) s1ngu1ar1ty Let us assume that X,(0) is locally
deﬁned by

Zli=h1i(21(n~s1+1)"“ > Z1n)> i=1,-,n—s.
Rewriting,
’ yHeei, =2 i i
F = Z b ;1 I Zy 2

d>i iy >2

-2

= Z b; iy, ((zyy =) + hll)il+m+in (21— hyp) + hlz)i2

(58) l -5 ._5 1 i
e ((Zl(n—sl) - hl(n—sl)) + hl(n—sl)) "Zi(n [; D)7 Zn
. .
=F (2 =y ()5 s Zi(n—s) ~ 1(n-sl)("')’
. '
Zyn—si41)2 T s Zyp) +F1;:(21(n—s,+1) o Zpg)e
Here F,, is a polynomial of its variables and F,(0,--- , 0, s Zinms 1)

» Z;,) = 0. Since we are free to choose b, we are free to choose

i, ?
the coeflicients of the monomials
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+1

—s tas Iy

(Zyy = Ay (- )) (Zl(n =)~ 1(n—s1)("')) ‘Z1( 1s +1) " Z1n

of F,, provided that i, +---+i, <2 and i +-o 41, #0, and we are
also free to choose the coefficients of the monomials 1, Zynes 1y T0 2

2
Zy(ns 1) " of F . Let
f1 Yy,

in?

Zln

=fl.+ 1y

as in (5.8). Then dfl,,/dtlt o =0 on X, (0) implies that f;ﬂ = 0. Since
flu depends linearly on Flﬂ , at least three conditions are imposed on G' .
Altogether, we have imposed at least four conditions on G'; this makes up
the difference between ho({G 0},(1)) =n+1 and dim X, (0) = n—-2.

Now let M2 o be the proper transform of M, 1.0 after blowmg up along
X,(0), and

23 =2y~ hll(zl(n-—sl+1)’ s 2y,
Z.=Zli_hli(zl(n—sl+1)"”’Zln) i=2, . n—s

7oz - Py (Zy s vry> 0 s Z1n) ’ g
22i = 2y i=n-s+1,---,n,

be the new local coordinates. Denoting

[ —1
(3.9) Fy =2y F (23, 23255, » 20n%2n-s,)? Z2(n—s,+1)> "7 > Zyg) s
we have free choices of the coefficients of 1, z,,, -, z,, for Fz' . Set

- f1
fr= (21 = B (Zines anys o s Z1n) T
(5.10) 2 11 LN 1(n~s;+1) Z1n o

-1

= 2y K2y 2y 239, o Zy§Z9ns))> Zo(nos +1)> " > Fon) -
Since {df, ,/d!|,., = 0} has a weak type (1, X (0), E;(0)|j € {1,
m}) singularity, by definition, { f; =0} has a weak type (1, X ].(O) E;(0)l)
€ {2, .-, m}) singularity. Moreover, f; depends linearly on Fz' .

From now on, we will continue our argument inductively. If dim X,(0)
=§,, we may assume that X,(0) is locally defined by

Zy(s,41) = h2(s2+1)(221 st s Zag)s s Zoy = Ry(2y5 Zys))>

so that we get



170 GENG XU

' '
By =, (205 5 Zyg s Iy 41y Pasyerys = > Zan — a)
'
+ (25005 2g5)s

f;= 2w T Ty

“as in (5.8). We are free to choose the coefficients of Zys, 1)~ h2(sz IETE RN

Zy, ——h2” of le* . Since we can also choose the coefficients of 1, z,,, -+,
2y, for FZ’n freely, if j; = 0 holds on X,(0) (which is equivalent to
f5 = 0), then at least s, + 1 = dim X,(0) + 1 conditions will be imposed
on G .

Now if m = 2, we have already impésed 4+dimX,(0)+1=n+3
conditions on G, then we are done. Otherwise, let M,, be the proper
transform of M,, after blowing up along X,(0), and

23 = 22> i=1,- 5,
Z3(5,+1) = P2(s,41) T h2(s2+1) >
h,. )
. —hZI R l:s2+2’...’n,
2s,+1) ~ Mags,+1)

ZN. —
z 2i

3 T
be the local coordinates. Denoting

fJ Z3(s2+1)f;*(231 > T, 41) 0 Z3(s,41)D3(s,42) 0 T Z3(s2+l)z3n)’
F, =z,
35 23, +1) (231 > 235,41y 0 P35+ 1) (s, 42) 0 T 0 Z3(sz+l)Z3n)

as in (5.9) and (5.10), we are free to choose the coeflicients of 1, Z3(5,42)
z,, for F; . Moreover {f; = 0} hasaweak type (1, X,(0), E,(0)j €
{3, .-+ , m}) singularity, and f; depends linearly on F3'.
For simplicity, let us assume that X;(0) is locally defined by

23 = M3i(Zyny> 5 Zagengy)) fef{l, -, np—{s+1l,--+,s+s}.

If we write down j; = f* +f3“ , F3' = F3'* +F3'” as before, then we are free
to choose the coefficients of 1, z;,(i € {s,+2, --- , n}N{s+1, .-+ , s+5;})
for F3n , and the coefficients of z, — h;, (i € {s, +2,--- ,n} —{s+
L,--,5+s;}) for Fsl* L If f; = 0 holds on X,(0), then at least p =
1+#{{s,+2,--- ,n}n{s+1,---,s+s,}} conditions will be imposed
on G . If we construct F; inductively, then we are free to choose (n —
s,—1)=(p—1)=n+1-][(s,+ 1+ p] coefficients of the zero and the first

orders of F,.
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We may continue this argument. Either we have already imposed more
than n + 1 conditions on G’ before we have reached X, (0), or we
have imposed 1 + 3+ 4 < n+ 1 conditions on G, and we have a free
choice of n + 1 — A coeflicients of the zero and the first orders of F,'n
(hence f,). Since dimX, (0) = n -2, if X, (0) is defined by z,, =
hml(zm3 > Zmn) s Zmy = hm2(2m3’ o Zmn) , then 1;1 = j;lm_*-j;lnﬂ =0
on X,,(0) implies that f,,(z,.5, - , Z,,,) = 0. But we are free to choose

> “mn
at least (n+1—A4)—2 of the coefficientsof 1, z,,,---, 2z, of F,'n If

f,, =0 holds on X, (0), then at least n+ 1 — 1 — 2 conditions will be
imposed on G'; this is impossible since (1 +3 +A) + (n+1—-4—-2) =
n+3>h({G=0},2(1)=n+1.

Cased. dimX,(¢) =0, that is, X,(#) is a double point of M, ,. We
see easily as in case (a) that this imposes two conditions on G’ . There-
fore if X,(0) is a double point of A, and X,(0) is a double point of
M, 0> there will be at least three conditions imposed on G’ . Now we can
construct F, and f, as above. Using the fact that f, = 0 has a weak
type (1, XJ.(O) , E;(0)j €{2, --- , m}) singularity, we may repeat the ar-
gument of the second part of case (¢). Finally this will impose at least
n+2 (instead of n+ 3 in case (c)) conditions on G, a contradiction.

This completes the proof of Proposition 4.
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